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Figure 1: Illustration of various space-time meshes.

transport by a time integration scheme based on degree-pt polynomials requires the minimum (local) time
step of ht ⌘ cp

t

,✏�t = cp
t

,✏�/a.
We first consider, under the above assumptions, ✏-accurate approximation of the transport field using

spatially and temporally uniform mesh (i.e. constant time stepping). An example mesh is illustrated in
Figure 1(a). The discretization requires T/ht time steps with L/hx spatial elements. In other words, the
number of space-time degrees of freedom is
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Note that the number of degrees of freedom varies as ��2; thus, the use of spatially and temporally uniform
mesh results in a discretization that is not robust with respect to �, and the discretization is particularly
ill-suited for multi-scale problems where �/L (or �/(aT )). (Note that this analysis assumes that the ratio of
the spatial resolution to the temporal resolution is chosen optimally.)

We next consider ✏-accurate approximation of the transport field using an adaptive method that generates
a single, time-fixed spatial mesh. Unlike the uniform spatial mesh considered above, the adapted spatial
mesh provides high resolution only over the interval [L/4, L/4 + aT ] ⇢ [0, L] traveled by the internal layer
over I. Thus, the discretization requires T/ht time steps with aT/hx elements. In other words,
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The spatial adaptation reduces the degrees of freedom by aT/L; more generally, a significant reduction can
be achieved if the unsteady feature travels only a small portion of the domain, which occurs more frequently
in a higher spatial dimension. However, this discretization is still not robust with respect to the scale
parameter �, and the degrees of freedom scales as ��2.

We now consider a tensor-product space-time adaptation, which is a combination of dynamic spatial
mesh adaptation and adaptive local time stepping. An example mesh is shown in Figure 1(b). At any given
time, the spatial mesh provides high resolution only over the internal layer of characteristic length �, and
thus the number of degrees of freedom in any spatial mesh is �/hx = 1/cp

t

,✏. The ✏-accurate propagation
of the internal layer still requires the local time step of ht near the layer; thus, the number of time steps is
T/ht = aT/(cp

t

,✏�). The total space-time degrees of freedom is
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The combination of the dynamic (spatial) mesh adaptation and local time stepping results in a discretization
of complexity ��1; the discretization is fundamentally more robust with respect to the scale parameter
compared to the non-dynamic spatial adaptation.
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Error met or

time over

Goal-oriented adaptation

Objective: Increase reliability of simulation 
by estimating and autonomously controlling 

error in outputs

• Problem
• Output
• Max output error
• Max time

Estimate 
error in 
outputs

Calculate 
solution and 

outputs

Adapt grid 
to control 

error

• Solution
• Outputs
• Estimated errors

?
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Discontinuous Galerkin method

• Approximations are degree p polynomials within

elements but discontinuous between elements

DGFEM approximation: Find uh,p � Vh,p such that

Rh,p(uh,p, vh,p) = 0, ⇥vh,p � Vh,p

u(x,y)

x
y

T
H

uh,p(x, y)
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Dual-weighted Residual

(DWR) error indicator

Output error estimation 
(Becker & Rannacher, 2001)

Primal (Mach)

Drag adjoint (mass)

Transonic RANS example

Drag error indicator, ⌘

Jh,p � J ⇡ Eh,p0 ⌘ �Rh,p(uh,p, h,p0
),

where  h,p0
is the adjoint in p0 = p+ 1.

Localized to elemental error indicator,

⌘ ⌘
��Rh,p(uh,p,  h,p0 |)

��
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Continuous Optimization: Mesh-metric Duality
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• (Intractable) discrete optimization problem

T �
h = arg inf

Th

E(Th) s.t. C(Th) = Cost

• Continuous relaxation (Loiselle, 2009)

M�
= arg inf

M
E(M) s.t. C(M) = Cost
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E(Th) s.t. C(Th) = Cost

• Continuous relaxation (Loiselle, 2009)

M�
= arg inf

M
E(M) s.t. C(M) = Cost

• (Intractable) discrete optimization problem

T ⇤
h = arg inf

Th

E(Th) s.t. C(Th) = Cost

• Continuous relaxation (Loseille & Alauzet 2011)

M⇤
= arg inf

M
E(M) s.t. C(M) = Cost
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MOESS Algorithm  
(Mesh Optimization via Error Sampling & Synthesis)
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MOESS Algorithm  
(Mesh Optimization via Error Sampling & Synthesis)

• Solve primal and adjoint on current grid

• Determine error-metric model via local sampling

• Optimize metric to reduce error

• Remesh using improved metric

Yano & Darmofal, 2012
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MOESS Locality Assumptions
• Assume locality of error and cost functionals

E(M) =

Z

⌦
e(M(x))dx and C(M) =

Z

⌦
c(M(x))dx

• Relating error function to error indicator

E(M) =

Z

⌦
e(M(x))dx =

X



⌘(M)

• For remainder of this work, choose cost to be DOF:

C(M) =

Z

⌦
c(M(x))dx =

X



⇢(M)

where ⇢ are the DOF in region .

Yano & Darmofal, 2012
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Yano & Darmofal, 2012

• For each configuration, solve local problems keeping states outside of 0 fixed

• Determine error estimate ⌘i = Rh,p(u
i
h,p,  h,p+1|0

)

• Produces a set of pairs, {Mi , ⌘i}

• Using affine-invariant metric description, produce model for log ⌘(M)
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Affine-invariant metric framework
• Employ affine-invariant description of a metric space (Pennec et al, 2006)

S� = log

⇣
M�1/2

�0
M�M�1/2

�0

⌘

• S� (the step matrix) can be decomposed into S� = s�I + ˜S�

• s� is isotropic and controls the area change

• ˜S� controls orientation and stretching changes

• First-order optimality conditions become

⌅��
⌅s�

� ⇥
⌅⇤�
⌅s�

= 0

⌅��

⌅ ˜S�

= 0

Yano & Darmofal, 2012
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Error model synthesis
• Define logarithmic error model f�i ⇥ log(��i/��0)

{M�i , ��i} ⇤ {S�i , f�i}

• Perform a least-squares fit to synthesis f�(S�) = tr(R�S�):

R� = argmin

Q2Symd

n
configX

i=1

(f�i � tr(QS�i))
2

• This gives ��(S�) = ��0 exp(r�s�d) exp
⇣

tr

⇣
˜R�

˜S�

⌘⌘

• For isotropic error and meshing this model reduces to,

�iso

� (h) = ��0

✓
h

h0

◆riso

�

Yano & Darmofal, 2012
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MOESS Properties  
(Mesh Optimization via Error Sampling & Synthesis)

•Applicable to any discretization order

•Anisotropy adaptation driven entirely by error 
estimate

•No a priori assumptions on convergence rates

Yano & Darmofal, 2012
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Application:
Two-phase porous media flow

Problem: 1D two-phase flow (slightly compressible)
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Output: J = Volume oil extracted
Initial oil volume
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Application:
Two-phase porous media flow

Mesh adaptation
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Application: 
2D shedding cylinder test case
• Re = 100, M = 0.1
• Smooth initial conditions (Higher-order 

Workshop test case)

• Output:

J =

Z T

0
Cd(t)w(t) dt

w(t) = Hann-squared window

(Krakos et al 2012)

time
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2D circular cylinder test case: 
Typical adapted space-time mesh

Numerical Experiment Space-time adaptive results

Space-time adapted results: final meshes

Analysis of mesh distribution
in temporal direction
Nelem(ta, tb): number of
element centroids in [ta, tb)
Element distribution at t :
p(t) = Nelem(t�⌧/2,t+⌧/2)

Nelem(0,T )

⌧ = 1 for later analysis

t̄elemi 2 [29, 30)

Hu (MIT) Space-time adaptive method for bluff body flow simulation May 11, 2016 32 / 43
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Drag versus DOF:
Time-marching vs space-time adaptive
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On-going Work

• Solution methods for space-time adaptive 
meshes (leverage hyperbolic time 
dependence)

• 4D adaptive meshing for 3D space + time
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